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Abstract Transverse-momentum dependent parton distributions (TMDs) are studied in the
framework of quark models. In particular, quark model relations among TMDs are reviewed
and their physical origin is discussed in terms of rotational-symmetry properties of the nu-
cleon state in its rest frame.
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1 Introduction
Transverse-momentum dependent parton distributions (TMDs) have received a great atten-
tion in the last years as they represent key objects to map out the three-dimensional partonic
structure of hadrons in momentum space. The dependence on the transverse momentum of
the quark allows for non-trivial correlations between the orbital angular momentum and the
spin of the quark inside nucleons with different polarization states. TMDs typically give rise
to spin and azimuthal asymmetries in, for instance, semi-inclusive deep inelastic scatter-
ing and Drell-Yan processes, and significant efforts have already been devoted to measure
these observables (see e.g. Ref. [1] for a recent review). However, the extraction of TMDs
from experimental data is a quite difficult task and needs educated Ansa¨tze for fits of TMD
parametrizations. To this aim, model calculations of TMDs play a crucial role and are es-
sential towards an understanding of the non-perturbative aspects of TMDs.
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2Studies of the TMDs have been mainly focused on the quark contribution, and predic-
tions have been obtained within a variety of models [2,3,4,5,6,7,8,9,10,11,12,13,14,15,
16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33]. Despite the specific assump-
tions for modeling the quark dynamics, most of these models predicted relations among the
leading-twist TMDs. Since in QCD these TMDs are all independent, it is clear that such
relations should be traced back to some common simplifying assumptions in the models.
First of all, it was noticed that they break down in models with gauge-field degrees of free-
dom. Furthermore, most quark models are valid at some very low scale and these relations
are expected to break under QCD evolution to higher scales. Despite these limitations, such
relations are intriguing because they can provide guidelines for building parametrizations of
TMDs to be tested with experimental data and can also give useful insights for the under-
standing of the origin of the different spin-orbit correlations of quarks in the nucleon.
Here we discuss a straightforward derivation of the relations directly at the level of the
amplitudes. This approach emphasizes the geometric origin of the relations since it does not
rely on specific assumptions for modeling the quark dynamics. In Sec. 2 we quickly review
the formalism for the definition of the leading-twist TMDs, and introduce a convenient rep-
resentation of the quark-quark correlator in terms of the net-polarization states of the quark
and the nucleon. The model relations among TMDs are then introduced in Sec. 3. In Sec. 4
we identify the assumptions common to all models where the relations have been observed
and derive the relations.
An alternative derivation based on the language of wave functions can be found in
Ref. [34], where we also discuss an additional relation due to SU(6) spin-flavor symme-
try.
2 Transverse-Momentum Dependent Parton Distributions
2.1 Definitions
In this section, we review the formalism for the definition of TMDs, following the conven-
tions of Refs. [35,36,37]. Introducing two lightlike four-vectors n± satisfying n+ · n− = 1,
we write the light-cone components of a generic four-vector a as [a+,a−,a⊥] with a± =
a ·n∓.
The density of quarks can be defined from the following quark-quark correlator
Φab(x,k⊥,S) =
∫ dz− d2z⊥
(2pi)3
ei(k
+z−−k⊥·z⊥)〈P,S|ψb(0)U
n−
(0,+∞)U
n−
(+∞,z)ψa(z)|P,S〉
∣∣
z+=0,
(1)
where k+ = xP+, ψ is the quark field operator with a,b indices in the Dirac space, and U is
the Wilson line which ensures color gauge invariance [38]. The target state is characterized
by its four-momentum P and the direction of its polarization S. We choose a frame where
the hadron momentum has no transverse components P =
[
P+, M
2
2P+ ,0⊥
]
.
TMDs enter the general Lorentz-covariant decomposition of the correlator Φab(x,k⊥,S)
which, at twist-two level and for a spin-1/2 target, reads
Φ(x,k⊥,S) =
1
2
{
f1 /n+− ε
i j
T k
i
⊥S
j
⊥
M f⊥1T /n++Sz g1L γ5/n++ k⊥·S⊥M g1T γ5/n+
+h1T [/S⊥,/n+ ]2 γ5 +Sz h
⊥
1L
[/k⊥,/n+ ]
2M γ5 +
k⊥·S⊥
M h
⊥
1T
[/k⊥ ,/n+]
2M γ5 + ih
⊥
1
[/k⊥,/n+]
2M
}
, (2)
3where ε12T = −ε21T = 1, and the transverse four-vectors are defined as a⊥ = [0,0,a⊥]. The
nomenclature of the distribution functions follows closely that of Ref. [35], sometimes re-
ferred to as “Amsterdam notation”. Among these eight distributions, the so-called Boer-
Mulders function h⊥1 [36] and Sivers function f⊥1T [39] are T-odd, i.e. they change sign
under “naive time-reversal”, which is defined as usual time-reversal but without interchange
of initial and final states. All the TMDs depend on x and k2⊥. These functions can be indi-
vidually isolated by performing traces of the correlator with suitable Dirac matrices. Using
the abbreviation Φ [Γ ] ≡ Tr[ΦΓ ]/2, we have
Φ [γ+](x,k⊥,S) = f1− ε
i j
T k
i
⊥S
j
⊥
M f⊥1T , (3a)
Φ [γ+γ5](x,k⊥,S) = Sz g1L + k⊥·S⊥M g1T , (3b)
Φ [iσ
j+γ5](x,k⊥,S) = S j⊥ h1 +Sz
k j⊥
M h
⊥
1L +Si⊥
2ki⊥k
j
⊥−k
2
⊥δ i j
2M2 h
⊥
1T +
ε jiT k
i
⊥
M h
⊥
1 , (3c)
where j = 1,2 is a transverse index, and h1 = h1T + k
2
⊥
2M2 h
⊥
1T .
The correlation function Φ [γ+](x,k⊥,S) is just the unpolarized quark distribution, which
integrated over k⊥ gives the familiar light-cone momentum distribution f1(x). All the other
TMDs characterize the strength of different spin-spin and spin-orbit correlations. The pre-
cise form of this correlation is given by the prefactors of the TMDs in Eqs. (3a)-(3c). In
particular, the TMDs g1L and h1 describe the strength of a correlation between a longitu-
dinal/transverse target polarization and a longitudinal/transverse parton polarization. After
integration over k⊥, they reduce to the helicity and transversity distributions, respectively.
By definition, the spin-orbit correlations described by f⊥1T , g1T , h⊥1 , h⊥1L and h⊥1T involve
the transverse parton momentum and the polarization of both the parton and the target, and
vanish upon integration over k⊥.
In the following we will focus the discussion on the quark contribution to TMDs, ignor-
ing the contribution from gauge fields and therefore reducing the gauge links in Eq. (1) to
the identity.
2.2 Net-Polarization Basis
The physical meaning of the correlations encoded in TMDs becomes especially transparent
when expressed in the basis of net polarization for the quark and the nucleon, see Refs. [25,
34]. In this basis, the correlator (1) for a given quark flavor q can be written in a matrix form
Φµνq =


f q1 k⊥M h⊥q1 0 0
k⊥
M f⊥q1T h−q1T 0 0
0 0 h+q1T
k⊥
M g
q
1T
0 0 k⊥M h
⊥q
1L g
q
1L

 , (4)
where we introduced the notations h±q1T = h
q
1 ±
k2⊥
2M2 h
⊥q
1T and chose for convenience the axes
in the transverse plane such that k⊥ = k⊥ ey. The four-component index1 µ refers to the net
polarization of the nucleon: µ = 0 stands for an unpolarized 12 (↑ + ↓) nucleon, while µ =
i = 1,2,3 stands for a nucleon with net polarization 12 (↑ − ↓) in the ith direction. Likewise,
ν = 0 stands for an unpolarized quark (Γ = γ+), ν = j = 1,2 stands for a quark with
1 Note this is not a Lorentz index but Einstein’s summation convention still applies.
4net polarization in the jth direction (Γ = iσ j+γ5), and ν = 3 stands for a quark with net
polarization in the z-direction (Γ = γ+γ5).
3 Model Relations
In QCD, the eight TMDs are all independent. It appeared however in a large panel of low-
energy quark models that relations among some TMDs exist. At twist-two level, there are
three flavor-independent relations2, two are linear and one is quadratic in the TMDs
gq1L−
[
hq1 +
k2⊥
2M2 h
⊥q
1T
]
= 0, (5)
gq1T +h
⊥q
1L = 0, (6)(
gq1T
)2
+2hq1 h
⊥q
1T = 0. (7)
A further flavor-dependent relation involves both polarized and unpolarized TMDs
D
q f q1 +gq1L = 2hq1, (8)
where, for a proton target, the flavor factors with q= u,d are given by Du = 23 and D
d =− 13 .
As discussed in Ref. [27], at variance with the relations (5)-(7), the flavor dependence in the
relation (8) requires specific assumptions for the spin-isospin structure of the nucleon state,
like SU(6) spin-flavor symmetry. In this proceeding we focus only on the flavor-independent
relations (5)-(7). A discussion of the flavor-dependent one can be found in [34].
The interest in these relations is purely phenomenological. In order to interpret the ex-
perimental data sensitive to TMDs, one needs inputs from educated models and parametriza-
tions for the extraction of these distributions. It is therefore particularly interesting to see to
what extent the relations (5)-(8) can be useful as approximate relations, which provide sim-
plified and intuitive notions for the interpretation of the data. Note that some preliminary
calculations in lattice QCD give indications that the relation (6) may indeed be approxi-
mately satisfied [40,41]. A discussion on how general these relations are can be found in
Ref. [27]. Let us just mention that they were observed in the bag model [27,28], light-cone
constituent quark models [22], some quark-diquark models [2,12,13], the covariant parton
model [11] and more recently in the light-cone version of the chiral quark-soliton model
[25]. Note however that there also exist models where the relations are not satisfied, like in
some versions of the spectator model [26] and the quark-target model [30].
4 Derivation of the Flavor-Independent Relations
We show in this section that the flavor-independent relations (5)-(7) can easily be derived,
once the following assumptions are made:
1. the probed quark behaves as if it does not interact directly with the other partons (i.e.
one works within the standard impulse approximation) and there are no explicit gluons;
2. the quark light-cone and canonical polarizations are related by a rotation with axis or-
thogonal to both k⊥ and the light-cone direction;
3. the target has spherical symmetry in the canonical-spin basis.
2 Other expressions can be found in the literature, but are just combinations of the relations (5)-(7).
5From these assumptions, one realizes that the flavor-independent relations have essentially a
geometrical origin, as was already guessed in the context of the bag model almost a decade
ago [42]. We note however that the spherical symmetry is a sufficient but not necessary
condition for the validity of the individual flavor-independent relations. The assumptions 1.-
3. are satisfied by all models where the relations have been observed and can be considered
as necessary conditions [34]. Consistently, the few known models where the relations are
absent [26,30] fail with at least one of the above three conditions.
As we have seen, the TMDs can be expressed in simple terms using light-cone polar-
ization. On the other hand, rotational symmetry is easier to handle in terms of canonical
polarization, which is the natural one in the instant form. We therefore write the TMDs in
the canonical-spin basis, and then impose spherical symmetry. But before that, we need to
know how to connect light-cone helicity to canonical spin.
4.1 Connection between Light-Cone Helicity and Canonical Spin
Relating in general light-cone helicity with canonical spin is usually quite complicated, as
the dynamics is involved. Fortunately, the common approach in quark models is to assume
that the target can be described by quarks without mutual interactions. In this case the con-
nection simply reduces to a rotation in polarization space with axis orthogonal to both k⊥
and ez. The quark creation operator with canonical spin σ can then be written in terms of
quark creation operators with light-cone helicity λ as follows
q†σ = ∑
λ
D(1/2)∗σλ q
†
λ with D
(1/2)∗
σλ =
(
cos θ2 −
ˆkR sin θ2
ˆkL sin θ2 cos
θ
2
)
, (9)
where ˆkR,L = (kx± iky)/k⊥. Note that the rotation does not depend on the quark flavor. The
angle θ between light-cone and canonical polarizations is usually a complicated function of
the quark momentum k and is specific to each model. It contains part of the model dynamics.
The only general property is that θ → 0 as k⊥ → 0. Due to our choice of reference frame
where the target has no transverse momentum, the light-cone helicity and canonical spin of
the target can be identified, at variance with the quark polarizations.
4.2 TMDs in Canonical-Spin Basis
The four-component notation introduced in Sec. 2.2 is very convenient for discussing the
rotation between canonical spin and light-cone helicity at the amplitude level. One can easily
see that the canonical tensor correlator ΦµνCq is related to the light-cone one in Eq. (4) as
follows
ΦµνCq = Φ
µρ
q O
ν
ρ , (10)
with the orthogonal matrix O, representing the rotation at the amplitude level, given by
(remember that we chose k⊥ = k⊥ ey)
O νρ =


1 0 0 0
0 1 0 0
0 0 cosθ −sinθ
0 0 sinθ cosθ

 . (11)
6The canonical tensor correlator then takes the form
ΦµνCq =


f q1 k⊥M h⊥q1 0 0
k⊥
M f⊥q1T h−q1T 0 0
0 0 h+q1T
k⊥
M g
q
1T
0 0 k⊥M h
⊥q
1L g
q
1L

 , (12)
where we introduced the notations
(
g
q
1L
k⊥
M h
⊥q
1L
)
=
(
cosθ −sinθ
sinθ cosθ
)(
gq1L
k⊥
M h
⊥q
1L
)
, (13)
( k⊥
M g
q
1T
h
+q
1T
)
=
(
cosθ −sinθ
sinθ cosθ
)( k⊥
M g
q
1T
h+q1T
)
. (14)
Comparing Eq. (12) with Eq. (4), we observe that the multipole structure is conserved under
the rotation (10). The rotation from light-cone to canonical polarizations affects only some
of the multipole magnitudes, see Eqs. (13) and (14).
4.3 Spherical Symmetry
We are now ready to discuss the implications of spherical symmetry in the canonical-spin
basis. Spherical symmetry means that the canonical tensor correlator has to be invariant
OTRΦCqOR = ΦCq under any spatial rotation OR =
( 1 0
0 R
)
with R the ordinary 3×3 rotation
matrix. It is equivalent to the statement that the tensor correlator has to commute with all the
elements of the rotation group ΦCqOR =ORΦCq. As a result of Schur’s lemma, the canonical
tensor correlator must have the following structure
ΦµνCq =


Aq 0 0 0
0 Bq 0 0
0 0 Bq 0
0 0 0 Bq

 . (15)
Comparing this with Eq. (12), we conclude that spherical symmetry implies
f q1 = Aq, (16a)
g
q
1L = h
+q
1T = h
−q
1T = B
q, (16b)
g
q
1T = h
⊥q
1L = f⊥q1T = h⊥q1 = 0. (16c)
Spherical symmetry in the canonical-spin basis implies that only the monopole structures
have non-vanishing amplitude in the canonical tensor correlator ΦCq. Note however that
because of the rotation connecting canonical and light-cone polarizations, see Eq. (10),
higher multipole amplitudes are non-vanishing in the tensor correlator Φq, as illustrated
in Figs. 1 and 2. It follows that spherical symmetry imposes some relations among the mul-
tipole structures in the light-cone helicity basis, and therefore among the TMDs. Inserting
the constraints (16b) and (16c) into Eqs. (13) and (14), we automatically obtain the flavor-
independent relations (5)-(7).
7Fig. 1 Net light-cone polarization (thick blue arrows) associated to a quark with net longitudinal canonical
polarization (thin red arrows), and its vector decomposition along the three axes, for fixed x and k⊥ but
arbitrary direction ˆk⊥. The x- and y-components are pure dipoles, while the z-component is a pure monopole.
Fig. 2 In the first line is shown the net light-cone polarization (thick blue arrows) associated to a quark
with net canonical polarization in the x-direction (thin red arrows), and its vector decomposition along the
three axes, for fixed x and k⊥ but arbitrary direction ˆk⊥. The y-component is a pure quadrupole, and the z-
component is a pure dipole. The x-component is the sum of a monopole and a quadrupole, as illustrated in
the second line.
5 Conclusions
In this work we presented a study of the transverse-momentum dependent parton distribu-
tions in the framework of quark models. We focused the discussion on model relations which
appear in a large panel of quark models, elucidating their physical origin and implications.
We have shown that these model relations have essentially a geometrical origin, and can be
traced back to properties of rotational invariance of the system. In particular, we identified
the conditions which are sufficient for the existence of the flavor-independent relations.
We presented a derivation of the relations based on the representation of the quark cor-
relator entering the definition of TMDs in terms of the polarization amplitudes of the quarks
and nucleon. Such amplitudes are usually expressed in the basis of light-cone helicity. How-
ever, in order to discuss in a simple way the rotational properties of the system, we in-
troduced the representation in the basis of canonical spin and showed how both basis are
related.
Finally, we remark that the model relations are not expected to hold identically in QCD
where TMDs are all independent. However, they provide simplified and intuitive notions for
the interpretation of the spin and orbital angular momentum structure of the nucleon. As
such, they can be useful for phenomenological studies to build up simplified parametriza-
8tions of TMDs to be fitted to data. Furthermore, the comparison with the experimental data
will tell us the degree of accuracy of such relations, giving insights for further studies to-
wards more refined quark models.
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